PHYSICAL REVIEW B VOLUME 51, NUMBER 11 Gradient correction for positron states in solids 15 MARCH 1995-I B. Barbiellini First-principles calculations of positron-annihilation characteristics in solids are usually based on the localdensity approximation (LDA) for positron-electron correlation. The LDA systematically overestimates the annihilation rate. As a remedy we introduce a generalized gradient approximation (GGA). Our results for several metals and semiconductors show that the GGA systematically improves the predictive power of positron lifetime calculations over those based on the LDA. We compare also the resulting positron energy levels in solids with data from slow-positron experiments.
Experimental techniques based on positron annihilation have established their status among the important methods for probing the electronic and atomic structures of solids. ' For a thorough understanding and interpretation of the experimental results an accompanying theory is needed. As a matter of fact, the first-principles calculations of positronannihilation characteristics in solids are a unique testing ground for electronic structure theories, as theoretical quantities can be directly compared with accurate experimental data arising, for example, from high-resolution positron lifetime spectroscopy, two-dimensional angular correlation (ACAR) measurements, or slow-positron beam experiments.
The basis of the modern materials modeling by electronic structure calculations is the density-functional theory (DFT). The DFT within its generalization to twocomponent systems is also the basis for calculating positron states and annihilation characteristics in solids.
The success of the DFT in the electronic structure calculations stems from the fact that the effects due to exchange and correlation can be handled simply but with often sufficient accuracy using the local-density approximation (LDA), which is based on accurate calculations for the homogeneous electron gas. The results obtained with the LDtA for the properties of atoms, molecules, and solids have been surprisingly good if one takes into account that the LDA should, in the erst place, be valid only for systems with slowly varying electron densities. However, as the accuracy of the numerical methods has improved the deficits of the LDA have become visible. For example, the LDA systematically overbinds atoms in molecules and solids and underbinds electrons in atoms.
Improvements of the LDA have become possible with the advent of the generalized gradient approximation (GGA), which has been tested in many total-energy calculations. The LDA can also be improved by substituting the local electron density at a given point by a properly weighted density around that point. This weighted density approximation (WDA) has also been applied in the case of positron-electron correlation for a description of the image-potential-induced positron surface state on metals and the corresponding positron lifetime.
In this paper we introduce a GGA approach for calculating positron-annihilation characteristics in condensed matter.
We propose a method for accurate calculations of the total annihilation rate. The GGA correction is also used to improve estimates of positron energetics and electron-positron momentum densities. In a solid, the positron is screened by an electron cloud. The positron-electron contact density, which is substantially higher than the unperturbed electron density, determines the positron lifetime. The ratio is the enhancement factor. In principle, one has to determine self-consistently the electron n (r) and positron n+(r) densities using the two- ' ' The various LDA calculations ' show that the positron lifetimes for bulk transition metals are systematically too short in comparison with the experimental values. Sterne and Kaiser suggested the use of the constant enhancement factor of unity for core electrons, i.e. , the independent particle model (IPM). Plazaola 
e= IVnI /(nqTF) = IVln n! /qTF
We use this parameter to describe the reduction of the screening cloud close to the positron. For a uniform electron gas e = 0 whereas in the case of rapid density variations e~~. At the former limit the LDA result for the induced screening charge is valid and the latter limit leads to the IPM result. When e~~the electrons are tightly bound core electrons and therefore nearly insensitive to the positron. The core enhancement factor close to unity is in accord with the based on the data by Arponen and Pajanne. " Moreover, these data are more accurate than the hypernetted chain results.
The only fitting parameter in Eq. (2) is the factor in the front of the square term. The first two terms are fixed to reproduce the high-density random-phase approximation limit and the last term the low-density positronium limit. In the fitting procedure we have used the original data points only up to r, = of the correlation hole is reduced which decreases the correlation energy. Similarly, the gradient correction for the electron-positron correlation should reduce the electron density near the positron and thereby decrease the enhancement factor and increase the positron lifetime.
In the GGA the effects of the nonuniform electron density are described in terms of the ratio between the local length E""-(~-ipM) '" (6) where X and XIpM are the annihilation rates with and without the enhancement, respectively. The correlation energies calculated by Arponen and Pajanne obey a similar dependence with a small constant term. In practice, one can therefore use in GGA calculations the correlation energy E"G'A, which is obtained from electron-gas result (EL'ng through the scaling
LDA and P GGA are the annihilation rates in a homogeneous electron gas and in the GGA, respectively. We use for E DA the interpolation form of Ref. 6.
We have performed calculations for positron states and annihilation rates in solids using the linear-muffin-tin-orbital method (LMTO) within the atomic-spheres approximation (ASA). The potentials and charge densities are spherical around the nuclei and in the case of diamond-type lattices also around interstitial tetrahedral sites. First the electronic structure is calculated self-consistently. Then the positron potential is constructed in the LDA as a sum of the Coulomb potential and the correlation energy E""(r). The positron state is then calculated using also the LMTO-ASA method and the annihilation rate is determined. The GGA for positron states is clearly more sensitive to the atomic shell structure than the LDA. This is a common feature of some approaches beyond the LDA. For example, the effective electron potentials calculated in the GGA and in the optimized potential model exhibit as a function of the distance from the nucleus bumb structures, which are absent in the LDA. On the other hand, in the WDA (Refs. 9 and 10) the effects of the shell structure can be less clear, because the treatment of the nonlocality smoothes out local variations of the charge density.
The calculated positron lifetimes are compared with experirnent in Table I . In choosing the experimental lifetimes for comparison we have tried to make a collection which 338' 397' 170" -7.59 -7.21 -7.55 -7.18 -4.66 -4.49 -4.29 -3.78 112" -4.26 -3.62 -4.24 - ' However, it is gratifying to note that the result calculated with the self-consistent electronic structures are systematically closer to the experiments than those obtained using the non-self-consistent electron densities. Using the superimposed atom method we have tested the GGA model also in the case of positrons trapped by vacancies in solids. Calculations for different metals as well as for semiconductors show that the lifetime increase relative to the bulk state is similar as in the LDA model for positron annihilation.
In conclusion, we have introduced a general-purpose formula for the calculation of positron characteristics in solids.
The correction has one empirically determined parameter. The gradient correction improves systematically the too large annihilation in the LDA and it accounts well for the positron energetics in solids. The GGA results are in good agreement with existing experimental positron lifetimes for many different types of electronic environments, including the simple metals, transition metals, and elemental group-IV semiconductors as well as the III-V and II-VI compound semiconductors. However, the GGA approach is sensitive to the quantum-mechanical shell structure and to the selfconsistency of the electron density. We expect that the method is powerful in predicting positron lifetimes for perfect and defected solids and in calculating the ACAR maps to be quantitatively compared with experiments.
We have benefited from the work of A. Harju on the superimposed atom method.
